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Abstract 

In this paper we prove that the initial-boundary value problem for the forced non- 
linear Schrodinger equation with a potential on the half- -line is locally and (under 
stronger conditions) globally well posed, i.e. that there is a unique solution that 
depends continuously on the force at the boundary and on the initial data. We 
allow for a large class of unbounded potentials. Actually, for local solutions we 
have no restriction on the grow at infinity of the positive part of the potential, and 
for global solutions very mild assumptions that allow, for example, for exponential 
grow. 
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1 Introduction 



In this paper we analyse in detail the initial-boundary value problem for the forced non-linear Schrodinger 
equation with a potential on the half-line (FNLSP), 

d (P 

i^u{x, t) = ~—u{x, t) + V{x)u{x, t) + t, m), u(0, t) = f{t), u{x, 0) = (1.1) 

where F{x,t,u) is a complex-valued function of x G R"*", t G R, m G C. The functions 0, /, satisfy the 
compatibility condition, 0(0) = /(O). We solve this problem along the lines of [Hj, who studied the pure 
initial value problem for the non-linear Schrodinger equation on TV^,n > 1. Note, however, that we allow 
for a much larger class of potentials than in ^3] . In particular, we do not need to require that ^V"(x) IS 
bounded, as is the case in jEj. In fact, for local solutions we have no restriction on the grow at infinity of 
the positive part of the potential and for global solutions very mild assumptions that allow, for example, 
for exponential grow. We consider potentials -that are in general time dependent- that can be decomposed 
as the sum of two parts. The first one is what we call V in the FNLSP (jl.lj) : it is independent of time 
but it can have singularities and it can grow at infinity. The second part is in general time dependent, 
but -together with its derivatives with respect to x and t- it has to be bounded for {x,t) G (R x /), with 
I any bounded set. This second part is included in F. 
We consider the following class of potentials, 

V -.= ¥1 + V2 with Vj G Ll^(R+),j = 1, 2, Vi > 0, and sup \V2{y)\ dy < 00. (1.2) 

By Wi^2i ^ = 0, 1, 2, ■ ■ -, we denote the standard Sobolev spaces P in R"*" and by iv/g^ the completion of 
C^(R+) in the norm of Wi^2- The functions in Wi^2 satisfy the homogeneous Dirichlet boundary condition 
at zero, ^m(O) = 0, j = 0, 1, ■ ■ ■ , / — 1. In the case / = we use the standard notation, PVo,2 = ^^0,2* = 

'2 



We designate, q := yVi, and by D[q) the domain in L of the operator of multiplication by q. We denote 

/(o) ._ u/(0) 



nr ■■= n D{q) with norm ||0|L(o) := max 



1.3) 



Let us denote by Hq the self-adjoint realization of — ^ with domain W2,2 H W^^, i.e., the self-adjoint 
realization with homogeneous Dirichlet boundary condition at zero. We have that (see Section 2 for details) 



2 



the quadratic form, 

h{(f),ij) := (ipA) + (V^0,^), with domain, D{h) := nf^\ (1.4) 

is closed and bounded below. We denote by H the associated bounded-below, self-adjoint operator (see 
[IE!, CSI). Then, D{H) = {0 G H^i^ : Ho(j) + V(j)e L^} and. 



= Ho^ + V4>, for G D{H). 



:i.5) 



We designate. 



Hi := Vri_2 n -D(q') with norm 



Hi 



max 



L2 



;i.6) 



and. 



TC2 '■= {</> G Til such that(- 



+ V)<peL^}, 



with norm 



W2 











max 


11011%, 




L2- 



;i-7) 



In Section 2 we study the initial-boundary value problem for the FNLSP (jl.lll . We first construct local 
solutions assuming that for each fixed x, t, the non-linearity F{x, t, u) is in the real sense as a function 
of u. We prove that the FNLSP (jl.ip is locally well posed in Tii and in 7-^2 and that there is continuos 
dependence on the initial and boundary data. In other words, the FNLSP (jl.lj) forms a dynamical system 
by generating a continuous local flow (see |I1I). Then, we prove that if F satisfies a sign condition and has 
a hamiltonian structure the solutions exist for all times. Under these conditions the continuous local flows 
become global continuous flows, and in this sense the spaces of initial data Tii and I-L2 are fundamental 
for the FNLSP dHH). Note that if Vi = 0, Hi = Wi^2- We give in Section 2 sufficient conditions on V 
assuring that 7-^2 = ^2,2 H DiVi) and in particular if Vi = 0, that 7-^2 = W^2,2- 

The existence and uniqueness of global solutions in 14^2,2 to the FNLSP ()1.1|) with K = and F = X\u\'^u 
was proven in and the continuous dependence on the initial value and the boundary condition in [S]. 
For existence and uniqueness of global solutions with V = and F = X\u\p~^u, X > 0,p > 3 see 0. These 
papers give references for the application of the FNLSP p.l|) to important physical problems. For the 
solution of the direct and inverse scattering problems for the FNLSP fll.lj) see [TS] and ^Hl- The existence 
of global solutions in TV^,n > 2, with ^ = and F = X\u\^~^u, 1 < p < 00, A > 0, was proven in [H]. For 



the integrable case where can be studied with inverse scattering transform methods see [H] and the 
references quoted there. For the Korteweg-De Vries equation in the half-hne see |2] and For general 
references in non-hnear initial value problems see jT7j, ^H]; QI] and [S]. 

2 The Initial Boundary- Value Problem 

We first prepare results that we need. The Propositon below is well known. We give the simple proof for 
the reader's convenience 



PROPOSITION 2.1. Suppose that 



x+l 

sup / \V2{y)\ dy < oo. 



Then, for any e > there is a constant, K^, such that. 



(2.1) 



Moreover, if 



\Vo{x)\ \(i){x)\'^dx < e 



rx+l 

sup / \V2{y)\ dy < oo, 



xGK-Jx 

for any e > there is a constant, K^, such that, 



(2.2) 



(2.3) 



(2.4) 



Proof: If G ^^1,2, for any n = 0, 1, ■ ■ ■, any x,y E [n,n + 1] and any 5 > 0, we have that, 



|0(x)p-|0(y)|2 = 2Re / (P{z)cl){z)dz<6 
By the mean value theorem we can choose y such that 



n+1 



[z)\'dz+-. 



1 rn+l 



(zWdz. 



6 Jn 

2 = |0(z)|2rfz, and it follows that, 



(2.5) 



(x)\'<6 



1 \ /-n+l 

^'-'■^^ ' ' ^ ' \6(z)\^dz. 



[z)dz + 1 



5 J Jn 

Let C be the finite quantity in the left-hand side of (|2.H) . Then, 

l-n+l ^ i-n+l , 



(2.6) 



\V2{x)\\<^{x)\^dx<Cb |0|2(^)dz + c(^l + -j 10(^)1 



z\?dz. 



(2.7) 



Taking 6 so small that e = 6C, and adding over n we obtain ()2.2j) . Let us now denote by C the finite 
quantity on the left-hand side of (Q- As D{Ho) = W2,2 n wi% if follows from (gSl) that, 

/ \V2{x)\^\4>{x)\^dx<Cb \ \4>\\z)dz\C[\\-\ \ \4>{z)\^dz. (2.8) 

Taking now 6 so small that e = 6C/2, adding over n and as ||0|||2 = {Ho(f),(f)) < ||ifo0||i2/2 + ||0|||2/2, we 
obtain 



Assuming that ()1.2|) holds, the results about /i and H stated in the introduction (see p.4|) - ()1.5p ) follow 
from ()2.2|) and [12], [H]- Below we always assume that ()2.H) is satisfied. 

We study the initial boundary-value problem for the FNLSP (1.1) for t > 0, but by changing t into — t 
and taking the complex conjugate of the solution (time reversal) we also obtain the results for t < 0. Let 
F{x, t, z) be a complex-valued function of x G R^, t G R^, 2; G C. As we are not assuming analyticity of 
F we consider the derivative, F, in the real sense. For each 2; G C, F is defined as the real-linear operator 
on C, given by, 

F{x, t, z)v := (^-^ F{x, t, z)j v + (^-^F{x, t, z)j v, v e C, (2.9) 

with the standard notation, ^ := (1/2) ~ '^'§b) ^ (V2) + where z = a + ib. We 

. F can be identified (when viewed 2 matrix) with the Gateaux 



denote, 



az 



+ 



dz^ 



derivative in the real sense of the map 2; G C — -F(x, t, 2;) G C for each fixed x, t. We say that for each 
fixed X, t, F is (C, C) in the real sense if ^ F{x, t, z) and -^F{x, t, z) are continuous functions of z for 
each fixed x, t, or equivalently if the map z —>■ F{x, t, z) is continuous from C into the real-linear operators 
in C. For T > we denote, / := [0, T] if T < 00 and / := [0, 00) if T = 00. 
Assumption A 

Suppose that F{x, t, z) is a function from [0, 00) x / x C into C, that for each fixed x G [0, 00), t G /, is 
in z in the real sense. Moreover, assume that for each fixed t, F is differentiable in x G R^, that 
-F(x,t,0) = and that for each i? > and each bounded subset, /at, of /, there is a constant Cr^n such 
that. 



FixA^z] 



< Cb^,n, for X G [0, 00), t G In, \z\ < R, (2.10) 



and, 



< Cr^n \z\, for X e [0, oo), t G In, \z\ < R. (2-11) 
Furthermore, if the force, /, in is not identically zero, suppose that for each fixed z, F(0, t, z) is 



differentiable in t and 



d_ 

di 



F{0,t,z] 



< Cr,n, t e In, \z\ < R. 



(2.12) 



Assumption A allows for a large class of non-linearities. For example, the standard single-power non- 
linearity, |'u|^~^M,p > 1, or more generally any F{z) that is in the real sense, are allowed. Let us 
denote by H-i the dual of Hi'^ with the pairing given by the scalar product of L^. Then, as the quadratic 



form domain of H is Ti.i'\ H extends to a bounded operator from Ti^' into 7i_i. Moreover, e is a 
bounded operator from uf^ into C (/, Uf^) n (/, H _i) and, 

.d 



(0) 



itH, 



tH 



H(t). 



(2.13) 



Suppose that u{x,t) G C(/, Tii) is a solution of p.l|) where / G C^(/). Furthermore, if / is not 
identically zero, assume that V G W^i,2((0,5)) for some 6 > 0. Note that the compatibility condition 
0(0) = /(O) has to be satisfied if there is a solution to ()1.1|1 . Denote, f(x,t) := u{x,t) — r{x,t) where 
r(x,t) := [fit) + ia;2(F(0)/(t) + F(0,t,/(t)) - 2/(t))]^?(x), with G Co-([0,oo)), g{x) = l,0<x<6/2 
and with support contained in [0,6). Then, v{x,t) G C (l^Hf^^ solves. 



where, 



d 

i—v{x, t) = Hvix, t) + Fi(x, t, v), f (0, t) = 0, v(x, 0) = vqIx) := (p(x) — r(x, 0), 
at 



d 

Fi(x, t, v) := F(x, t,v + r) — i—r + V(x) r — 7— ^r. 

ot ox^ 



(2.14) 



(2.15) 



Note that by the compatibility condition, vq G Hi^\ Clearly, equations ()1.1|) and ()2.14|) are equivalent. By 
Assumption A and Sobolev's [T] theorem for any t,N > there is a constant, C, such that, ||-Fi(a;, s, v) ||^2 < 
C for all < s < t and v eWi2 with || 

^|lvi/-^2 — Multiplying both sides of ()2.13p (evaluated at r) by 
^-t{t-T)H integrating in r from zero to t we obtain that. 



v{t) 



I 



(2.16) 



where we designate by T the operator v ^iy) := t, f ), and 

(G/) (t) := r e-(*--)^ /(r) rfr, t G /. (2.17) 

We prove below that if v{t) e C (/, T^f ^) is a solution to ()2.16|) . it is also a solution to ()2.14|) . We denote, 

vi{x,t) := - r e-'^'-^^^Fi{x,T,v{x,T))dT. (2.18) 
i Jo 

It follows from Assumption A that Fi{x,t,v) G Ll'^l (/,hS°^). Hence, f i G C (/,7^S°^) n {I.H-i), and 

2|-t;i(t) = //t;i(t) + Fi(x,t,t;). (2.19) 
ot 

Equations ()2.1(i|l and ()2.19|1 imply that ()2.14|1 holds. This proves that ()2.14|1 and ()2.1(ij) are equivalent. 
We obtain our results below by solving the integral equation (j2.16p . 
Assumption B 

Suppose that V can be decomposed as, V ■.= Vi + V2 with Vj G Lj'oj,(R"'"), j = 1, 2, Vi > 0, and V2 satisfies 
(j2IH). Moreover, assume that / G C^(/), and if / is not identically zero, suppose that V G H^i,2((0, 6)) for 
some 6 > 0. 

■ 

We designate, M := By Sobolev's theorem P, C (R+ x /) and \\v{x,t)\\L-o(^R+xi) < 

C\\v\\m- Moreover, we denote, B := L'=^{I,L'^) and B := L^{I,L^). 

THEOREM 2.2. Suppose that Assumptions A and B are satisfied. Then, for any cj) G Tii satisfying 
0(0) = /(O), there is a finite Tq <T such that the FNLSP / li.i)) has a unique solution, u E C ([0,To],7ii) 
with u{x,0) = 0. To depends only on II^Ht^i- 

Proof: we prove the theorem by showing that ()2.16|) has a unique solution v E C {\0,To],nf^) such that, 
v{x,0) = vo{x) := </)(x) — r{x,0). Let us take I = [0,To] with Tq < 00. Let us denote by Ai the space 
of bounded and continuous functions from / into TifK Let Mr and Mr be, respectively, the closed ball 
in Ai, and in Ai, with center zero and radius R. Let us prove that Mr is closed in the norm of B. 
Suppose that f„ G Mr converges to v in the norm of B. Then, lim^^oo ll'i^n(^) — ^(^)||l2 = for a.e. t. 
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But as Vn G A4r, \\vn{t)\\^(o) < R for a.e. t. In consequence ||f(t)||wi < R for a.e. t. Moreover, there 
is a subsequence - denoted also Vn{t)- such converges weakly to in L^, for a.e. t, and then, 

v{x,t) = hmn^^Vn{x,t) = limn^oo lo -§^Vniy,t)dy = Jq -§^v{y,t)dy, and it follows that v{0,t) = 0, i.e., 
V G Ain- Hence, Aiji is a complete metric space in the norm of B. 
We define, 

P(v) := e-''"vo + -GJ^{v),v G M. (2.20) 

As D{VH + M) = Hf\ for M large enough, we have that the norm \\\/H + M0||i2 is equivalent to the 
norm of T^^^"*. Then, by the unitarity of e~**^ in and as \/H + M commutes with e~^^^ , 

||e-^*%||^(o) < CyH + Me-''"v4L^ < C\\v4^,o), (2.21) 



and moreover, 

V~''\(Hf) (2-22) 
As G Vri,2((0,5)) if / is not identically zero, it follows from Assumption A and Sobolev's theorem that 
there is a constant Cr such that for v G M.r, 



11-^(^)11^(0) < Cr. (2.23) 



Note that J^{v){t) G uf^ liv eM. By (jT^ and (1221, there is a constant such that. 



\\GT{v)\\j^ = sup ||G^(t;)lL(o) < Cr dt \\J'{v)\\ < CrTq, (2.24) 
telo,To] ^0 '^i 

for all f G A4r. By ()2.2H) and (j2.24|l we can take R large enough and Tq small enough (depending only 



on ||0|L(o)) such that P sends M.r into Mr. By Assumption A there is a constant C such that, 

\\J^{u) - T{v)\\s <C\\u-v\\j^, u,ve Mr. (2.25) 

Then, by the unitarity of e"**-'^ in L^, 

\\P{u)- P{v)\\s < CTo \\u-v\\j^, u,ve Mr. (2.26) 

Given R we can take To so small that P is a contraction on the metric of B. By the contraction mapping 
theorem P{u) has a unique fixed point that is the only solution to the FNLSP in Mr . If there is another 
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solution, ui E C (^[0, Tq], 7ii°^^ , to then, Vi := Ui — r has to be a solution to ()2.16p . but since 

\\GJ-'{vi)(t)\\^(o) can be made arbitrarily small by taking < t < Ti,Ti < Tq, by the same argument as 
above we have that v{t) = vi(t),0 < t < Ti, where Ti depends only on By iterating this argument 

we prove that v{t) = vi(t),0 < t < Tq. 

THEOREM 2.3. Suppose that Assumptions A and B are satisfied by V, F, /, /„, n = 1, 2, ■ ■ where we 
require that V G Wi,2((0, 5)) for some 6 > only if the fn,n = 1,2, ■ ■■ are not all identically zero for 
n large enough. Then, the solution u E C ([0,To],7ii) ,u{0) = (p, Tq < T, to the FNLSP M.l]) depends 
continuously on the initial value and on the boundary condition. In a precise way, let u E C ([0,To],7ii) 
be the solution to M.l\) with m(0) = cj), let 0„ — > m Tii with 0n(O) = fni'^) o,nd assume that fn{t) —>■ f{t) 
in C^([0,To]). Then, for n large enough the solution Un E C ([0,To],7ii) to the FNLSP M.l]) with initial 
condition 0„ and boundary condition fn exits fort E [0,Tq] and Un u in C ([0, Tq], Tii) . 



Proof: We first prove a local version for Tq small enough. We denote fo,n(2;) 
Tnix^t) := + lx\V{0)f4t) + F{0,t, f4t)) - zfnm g{x), and. 



(x) — r„(x, 0), with 



Pn{v) := e-^*^t;o,n + -GJ^n{v),v E M, 

where we designate by JF„ the operator v Tniy) := Fi^n{x,t,v{x,t)), with, 

d (9^ 
t, v) := F{x, t,v + r„) - i—rn{x, t) + V{x) r„(x, t) - — r„(x, t). 



(2.27) 



(2.28) 



As in the proof of Theorem 2.2 we prove that for R large enough and To small enough all the Pn send 



A4r into Aiji and are contractions in the norm of B with a uniform contraction rate a < 1 independent 
of n. Let Vn be the unique fixed point. Then, := f„ + r„ G C ([0,To],7Yi) are the unique solutions to 
the FNLSP with initial value 0„ and boundary condition /„. Furthermore, 



e-**^ [VQ,n -Vo] + - (GJ'niVn) ' GJ^{v)) 
C^oll/n - /||c2([0,To]), 



B 



< \\VO,n - VqWl'i + O- - f II o + 



(2.29) 



and it follows that t>„ — > v in B. Moreover, by 1)2.211) . ()2.22|) and denoting, ■= ^v, and Vn,x '■= ^Vn, 



\Vn{t) - ^^(t) 11^(0) < C||i;o,n - ^o||^{0) + CTq 



^n{Vn) -^(^^)|liJ+ \\Dn{Vn,Vn,x) - £'„(w„, W^;) || o + 



\\Dn{Vn, Vr,) - D{V, V^) \\ g + \\q{J^n{yn) - J^iv) 



(2.30) 



where, 



d ( d \ 

D{v,v^) := F{x,t,v + r){v^ + —r) + ( {x,t,v + r) 

— i ^ ^, r + V{x) r + V{x) —r — Tr^r, 



dxdt 



dx dx^ 



(2.31) 



and, 



d f d \ 



(2.32) 



Furthermore, 

WMVn) - Hv)\\b + MMVn) " ^(t;))!!^ < C[\\Vn -v\\j, + " t^) || ^ + || /. - / 1| C^([0,To])] ■ (2-33) 

Also, 



\\Dn{Vn,Vn,x) " -D„ (f „, f 2;) || o < C \\ 



(2.34) 



But then, 



Vr,. - V 



'c 



([o,ro],-Hi' 



K{t)-v{t)\\ 



c 



(^[0,To],w(°> 



+ ll/n - /||c2([0,ro]) + 



\\Dn{Vn,Vx) - D{v,Vx)\\b] ■ 



(2.35) 



And it follows that for CTq < 1/2, 



lim \\vn - Vx\\^,,^j.,^(o). < 2 C lim 



,n-^o|L(0) +To{\\Dn{Vn,Vx) - D{v,Vx)\\b + 



ll/n. - /||c2([o,To]) 



(2.36) 



where we used that, as Vn ^ v in and ||fn||;j^(o) < C, it follows by interpolation [12] that 



Wr, — >■ f m 



^i.^^O < s < 1, and Sobolev's theorem. This proves that m„ — m in C ([0, Tq], Tii). In a standard way 
we extend the result of the theorem -step by step- to the original interval. For this purpose it is essential 
that the interval of existence given by Theorem 2.2 depends only on the Tii norm of (p. 
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REMARK 2.4. Suppose that Assumptions A and B are satisfied with / = [0, oo). Let be the maximal 
time such that the solution, u, given by Theorem 2.2 can be extended to a solution u & C ([0, T^), T^i), 



to the FNLSP (jl.ip with u{0) = (p. Then if is finite we necessarily have that lim; 



\U 



Hi 



OO. 



In other words, the solution exists for all times unless it blows up in the Tii norm for some finite time. 
This result follows from Theorem 2.2, because if ||M(t)||7^^ remains bounded as t f Tm we can extend 
the solution u continuously to + e for some e > 0, contradicting the definition of T^. Theorem 2.2 
implies also that the FNLSP (jl.ip has a unique solution, u G C(/,7ii), with m(0) = (f). For, suppose 
that there is another solution, f G C (/, Tii), of this problem. Then, by Theorem 2.2 u{t) = v{t), for 
t E lo := [0, To], < To < T. Let Im '■= [0, Tm) C / be the maximal interval such that u{t) = v{t),t G Im- 
Then, if T < oo, T^ = T -note that by continuity this implies that u{T) = v{T)- and if T = oo, T^ = oo. 
If T < oo this follows because by Theorem 2.2 if T^ < oo, u{t) = v(t) for t < + e, for some e > 0, 
contradicting the definition of T^. By the same argument if T = oo, T^ can not be finite. 



We now consider solutions in 0.2- 



THEOREM 2.5. Suppose that Assumptions A and B are satisfied. Furthermore, assume that for each 
fixed x,z, F{x,t,z) is differentiable in t and, 

d 



dt 



F\{x,t,z) 



< Cr^n\z\, forx G [0,oo), t G In, \z\ < R. 



(2.37) 



Then, for any (p E Ti.2 with 0(0) = /(O) there is a finite Tq < T such that the FNLSP ( ti.i)) has a unique 
solution u E C ([0, To], 7-^2) with u{x,0) = (p. Tq depends only on II^Hwj- 



Proof: We designate. 



n^2^ := {(peHi-. 0(0) = 0}, andAf:= {ve ( [0, To], TlI^^M : ^v{t) G B 



AO) 



d 



dt 



with norm 



|f ||_^ := max 



d 



B 



(2.38) 



(2.39) 
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We define AT as in ()2.38|) but replacing with continuous. Note that if v E B and §iv{t) E B, it follows 
that v{t) is a absolutely continuous function of t G [0,To], with values in L^. In consequence, f(0) G 
exists and, 

\\vm\L^<\HB. (2.40) 

We use the designation, 

A/}? := G A/" : \\vy < R, andt;(0) = Vo} . (2.41) 

We first prove that A/j is a complete metric space in the norm of B. It is enough to prove that it is a 
closed subset of B. Supose that f„ G A/}? converges to f G -B in the norm of B. We have to prove that 
V G Mr. We have that lim^^oo ll'yn(^) — 'i^(^)||L2 = 0, for a.e. t. But as f„ G Mr, \\vn{t)\\j\f < R for a.e. t. 



In consequence, max[[||w||Lcx>([o,To],W2)) 



dt' 



< R for a.e. t. We prove that v{0,t) = as in the proof of 



Theorem 2.2. Moreover, we have that (eventually passing to a subsequence) -^Vn — > -^v weakly. Then, as 
Vn{t) = t>o + /q -^Vn{s) ds, wc obtaiu that f (0) = Vq. Hence, v G Mr. 

Let P be defined as in fl2.2()j) . Let us prove that we can take R so large and To so small (depending only 
on 110117^2) that P sends Mr into Mr. As D{H) = 7^2°^ ^ind since H commutes with e"**-'^ and z^e~**^0 = 



He 



e is bounded from 0.2'^ into AT with operator norm independent of Tq. Furthermore, suppose 



that w e B and that ^w(t) G B, with w{0) = ip e L^. Then, 



(2.42) 



We write, Gw = e-'^^Wi{t), with wi{t) := £e'^^w{T)dT. Then 



d_ . 
9s 



itH 



w{t) — 1p 



rH 



w(t) dr. 



(2.43) 



As the right-hand side of (j2.43p belongs to for a.e. t, it follows that Wi{t) G D{H) = 1-62^ for a.e. t. 
Then, Gw = e-'^"wi{t) G for a.e. t, and 



9 

HGw = i—Gw — iw. 
dt 



(2.44) 



By (in^ and (ICT) Gw; G A^ and. 



d_ 
di 



w 



(2.45) 
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For V G Mr we write 

1 , 1 



P[v) = e-'*% - -GHvo) + -GiJ'iv) - T{vo)]. (2.46) 

I % 



We take R so large and Tq so small that ||e ""^^vq — \GT{v,^\f^ < R/2. Here we take w = J^iyo) in the 

I' 



estimates above. We now put w{t) := J^{v){t) — !F{vq). By Assumption A, w G B and -^w E B. Then, as 



w{0) = 0, by ()2.45|) given R we can take Tq so small that, 

-G[^(tO-^(^o) 



< f • (2.47) 

Mr 2 



With this choice of R and Tq, P sends Mr into AT/j. We already know -see the proof of Theorem 2.2- that 
P is a contraction in the norm of B. The unique fixed point is the only solution to the FNLSP in 
Mr. We complete the proof of the theorem as in the proof of Theorem 2.2. 

THEOREM 2.6. Suppose that the assumptions of Theorem 2.5 are satisfied for V, F, /, /„, n = 1,2, ■ ■ ■, 
where we require that V G Vri,2((0,5)) for some 6 > only if the fn,n = 1,2, ■■ • are not all identically 
zero for n large enough. Moreover, assume that for each fixed x,t, {^F){x,t, z) is in the real sense 
and that, 

d 



< Cr^n for a; G [0, oo), t G Jtv, \z\ < R. (2.48) 

Note that implies jOTI ). Then, the solution ueC ([0, Tq], T^s) , ^(0) = </), Tq < T, to the FNLSP 

M.l\) depends continuously on the initial value and on the boundary condition. In a precise way, let 
u E C ([0, To], 7-^2) be the solution to the FNLSP il.l}) with u{0) = 0. Let (pn ^ cj) in H2 satisfy, 0„(O) = 
/„(0) and assume that f,fn G and that fn{t) — > f{t) in C^{[0,Tq]) . Moreover, if all the fn are not 
identically zero for n large enough, suppose that ■^F(0,t, z), ^^F{0,t, z) and F{0,t, z) are continuous 
in z, uniformly in t. Then, for n large enough the solution Un E C ([0,To],7i2) to the FNLSP M.l\i with 
initial value (pn and boundary condition fn exists for t E [0,To] and Un ^ u in C ([0, Tq], 7i2)- 

Proof: As in the proof of Theorem 2.3 it is enough to prove a local version for Tq small enough. We define 
fo,n and Pn as in the proof of Theorem 2.3. As in the proof of Theorem 2.5 we prove that for R large 
enough and Tq small enough all the P„ send Mr (where we now require that v{0) = fo,n) into Mr and 
are contractions in the norm of B with a uniform contraction rate a < 1 independent of n. Let Vn be the 
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unique fixed point. Then, := f„ + r„ G C ([0, Tq], 7-^2) are the unique solutions to the FNLSP with 
initial value 0„ and boundary condition /„. Furthermore, 



\Vn - V\\b 



B 



< \\Vo,n - Vo\\l2 + a \\Vn - v\\ r, + 



CTo\\U-f\\cH[o,m. (2.49) 
In consequence, w„ — > f in B. By taking the derivative of ()2.16|) with respect to t we obtain that, 

d 



tf^v = e-''''[Hvo + J'{vo)] + GE, 



(2.50) 



where. 



E := F(x, t, . + r) + -r + -F (X, t, . + r) - ^—r+ 



We similarly prove that satisfies. 



d 



i-Q^Vn = e"**^ [Hvo^n + y^n{vo,n)] + GE„ 



(2.51) 



(2.52) 



with. 



d \ ' ( d d \ ( d \ 92 

En \ Vn, ) := F{x, t, Vn + Tn) { -^Vn + -^Tn ) + ( -^F ] (x, t, Vn + r„) - + 



9t 



at" 



By (E3n|) and (E3^ . 



a 



(2.53) 



a 



a 



a 



^-^Vn{t) - i^v{t) = e ' [Hvo,n + J^n{Vo,n) - Hvq - J^{vq)\ + GEn f„, -^Vn - GE^ V^, -^V + 



at 



at 



at 



at 



a 



a 



Furthermore, 



En (vn, ^^nj - En ffn, 



<GTo 



B 



a a 
a^"" - a^" 



(2.54) 



(2.55) 



Hence, by flTM|l and (E3K|l if CTq < 1/2 

a a 



lim 

n— »oo 



a^"" - a^" 



< 2 hm 

n— >oo 



G 
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d 



= 0, (2.56) 

where we used that as f „ f in and ||f„||„,(o) < C, it follows by interpolation (TE] that f „ — > f in 
^^5,2,0 < s < 1, and Sobolev's theorem. Then, by the FNLSP Hvn — > Hv in L^, and since f „ ^ f 
in L^, we have that f „ — i; in the norm of ) = D (yW + . It follows that Vn converges to v in the 
norm of 7^2*''*) and then ^ m in C ([0, Tq], 7^2)- In a standard way we extend the result of the theorem 
-step by step- to the original interval. For this purpose it is essential that the interval of existence given 
by Theorem 2.5 depends only on the 7^2 norm of 0. 

REMARK 2.7. We prove as in Remark 2.4 that if / = [0, 00) the solution in 7-^2 exits for all times unless 
it blows up in the 7^2 norm for some finite time, and that Theorem 2.5 implies that the FNLSP (II. Ij) has 
a unique solution m G C (/, 7-^2), with m(0) = G 7-^2- 



If the assumptions of Theorem 2.5 are satisfied, for any G 7^2 the FNLSP has a unique solution 
in Til and a unique solution in 7-^2 both with m(0) = 0. In the proposition below we prove that it is 
impossible that the 7-^2 solution blows up before the Tii solution does. 

PROPOSITION 2.8. (Regularity) Suppose that the assumptions of Theorem 2.5 are satisfied. Let u G 
(:7([0,^],7^l) he a solution to the FNLSP n~7\hvith = g 7^2. Then u G C ([0, T], 7^2). 

Proof: By Theorem 2.5 there is T„ < T such that u{t) G C ([0, T^], 7^2) and G C ([0, T^], L^). 
Furthermore, is a solution of the real- linear equation (where v is now fixed) ()2.5()|) . Applying the 
contraction mapping theorem - step by step- to this equation we prove that G C([0, T], L^), and then, 
it follows from equation (ICTD that u = t; r G C ([0, T], 7^2)- 



We impose now further restrictions on F that will allow us to derive an a-priori bound on the Tii norm 
of the solutions, and then, by Remark 2.4 that the solutions exist for all times. We say that F satisfies 
the sign condition if 

Im^F(x,t,z) = 0, a;,t G R+,2 G C, (2.57) 
15 



and we say that there is a hamiltonian structure if there is a function h{x,t,z), such that for each fixed 
x,t E IV^, h is in (C, R) in the real sense, h{x, t, 0) = and, 



d 

F(x, t, z) = 2—h(x, t, z). 
oz 



(2.58) 



If Assumption A is satisfied we have that, 

d 



Hx,t,z)\ + 



dx 



h (x, t, z] 



< Cr^n kP, for X e [0, oo), t G In, \z\ < R. 



(2.59) 



Remark that as h{x,t,0) = 0, equation ()2.37p imphes that h{x,t,z) is different iable in t, and that for 
each R> and each bounded subset, 1^, of /, there is a constant Crn such that. 



—h 1 {x,t,z) 



< Crn kP, for X e R+, t e In, \z\ < R. 



(2.60) 



Note that if (|2.58p is satisfied, then, (j2.57p is true if and only if h depends only on \z\, i.e., if h{x, t, z) = 
h{x,t, \z\) HH. 

Below we always assume that H2 C 14^2,2 • 

For any solution u E C {1, 0.2) to the FNLSP p.ip the following identities hold. If ()2.57|) is satisfied. 



|imt)||i.=2ImP(t)/(t), 



(2.61) 



^-u){0,t). Observe that in the case where there is no external force, / = 0, 



where we denote, P{t) :— 
this is the conservation of the norm. Moreover, let W{t) be the Hamiltonian, 

2 



W{t) 



d_ 

dx 



u{t) 



L2 



1 

R+ V2 



Then, if is true. 



V{x)\u{x,t)\ +h{x,t,u)] dx 



d 



jWit) = -Re/(t)P(t) + ( ^/i ) (x, t, u) dx. 



(2.62) 



(2.63) 



In the case where there is no external force and h is independent of time this identity is the conservation 
of energy. Furthermore, if ()2.58|1 is satisfied. 



d 
di 



-i\P{t)\' + 2ih{0,t, f{t)) - f{t) f{t) -2iRe{Vu,u^) + 2i J^^ (g^^j {x,t,u)dx. (2.64) 



d 



16 



Note that if V is differentiable, 

-2Re{Vu,u^) = V{0)\f{0)\^+ I V{x)\u{x,t)\'' dx. (2.65) 



The identity (j2.64j) is analogous to the conservation of momentum in the pure initial value problem in 
R, c.f., ^l]. Remark, however, that even in the case without external force and with potential, V, and 



^h{x, t, u) both identically zero it is not a conservation law. This is to be expected because our problem 
is not translation invariant. The identities ()2.61|) . ()2.63|) and ()2.64|) where proven in the case V = Q and 
with F a single power, F = X\u\^~'^u in [3] and (see also |B] for the multidimensional case) for suitable 
smooth solutions. For the reader's convenience, we briefly give below the details that show that the proof 
extends to our case, and that it holds for solutions u G C{I,Ti.2)- As u{t) G ^2,2, liniaj^oo ^(a;, t) = 
lima;^oo ^^i^^'t) = 0. Then, by (jl.H) . ()2.57|) and integrating by parts, 

^||n(t)||i. = 2Re (^^^u{t) , u{t)^ = 2Im (^-^u{t),u{t)^ = 2Im^M) ^m(0, t), (2.66) 

and ()2.61|1 holds. Moreover, denoting Ux ■= ■§^u and Uxx = we have that, 
9 1 1 

— -{ux{t),Ux{t)) = lim — [{ux{t + 6) - Ux{t),Ux{t + 6)) + {ux{t) , Ux{t + 6) - Ux{t))] = 
at 2 0^0 zo 

d 



-Rel—u{t),Uxxit)\ -Re/(t)P(t), (2.67) 



where we integrated by parts before taking the limit 5 — >■ 0. 
Hence, by dHH) and (1^3^ . 



-W{t) = Re i^-u{t),z-u{t)j - Re/(t)P(t) + J^^ i^-hj (x, t, u) dx = 

- Re/(t)P(t) + ^ l^h\{x,t,u)dx, (2.68) 



and ()2.63p holds. Finally, integrating by parts, and using p.l|) . 

^(u, Ux) = lim ^ [{u{t + S)- u{t),Ux{t + S)) + {u{t),Ux{t + 5)- Ux{t))] = 2ilm (^u{t), u J -f{t) f{t) 



-2tRe{Hu + F{x, t, u),Ux) - fit) f{t) = -«|P(t) ^ + 2th{0, t, /(t)) - f{t) f{t) 
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-2iRe(Vu,u^) + 2i [ I -^h] (x,t,u) dx, (2.69) 
JR+ \dx J 

and (j2.64j) holds. For any function / we denote by /+ its positive part and by /_ its negative part, i.e., 
/ = /+ — /_, /-t > 0. Below we denote by V the derivative of V in distribution sense. 

THEOREM 2.9. Suppose that the assumptions of Theorem 2.5 are satisfied with I = [0, oo), that 7^2 C 
1^2,2 (ind that V is a function with, 

{V)+ < CFi + Q, and {V). e LL(R+), (2.70) 

where Q satisfies \2.1]) . Furthermore, assume that \2.51\) , and \2.5<^) hold, where for each fixed x,t E IV~ , 
h is in (C, R), in the real sense, and h{x, t, 0) = 0. Moreover, assume that for each bounded subset In 
of I there is a constant Cn such that, 

and that for some I < p < 3, 

(^^h^ (x, t, z) < Cn (kP + kr+^) , for X G R+, t G /jv, ^ G C, (2.72) 

and, 

h{x, t, z) > -Cn{\z\'^ + kr+^), for X eR^,t E In,z E C. (2.73) 

Then, the solutions in Tii and in 7^2 to the FNLSP M-1]) given, respectively, by Theorems 2.2 and 2.5 
exist for all time t E [0, oo). 

Proof: In view of Remark 2.4 and of Proposition 2.8 it is enough to prove that for any finite time interval 
[0,T), the solution u E C ([0,T),7ii) remains bounded in the norm of Tii, as t ^ T. Suppose first that 
the solution u E C ([0, T), 7^2)- For < ti < t < T we denote, a{t) := (//^ |P(r)|2 c/r)^/^^ j^^ estimates 
below we designate by Ct any constant that depends only on T and /, and by Ct,i any constant that 
depends on T, /, and on the norm ||u(ti)||7i;i. We denote, 

6(0) :=max[||0|U2,||#|U2]. (2.74) 
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By (EI)T|) 



We denote, 



Ht)\\l, < Mh)\\l2 +Ct a{t),h<t<T. 



a(t) := sup b{u{s)). 

tl<S<t 



(2.75) 



(2.76) 



Integrating (ITMll from ti to t, using (Q, (ESS), (EZZOl), (EZH), and the estimate \{u,u^)\ < 

l/2||-u|||2 + l/2||-u^|||2, we prove that, 



ait) < CTa{t) + CT,i,t E [ti,T), 



(2.77) 



where we used that a{t) is a non- decreasing function. Integrating again ()2.64|) from ti to t, using now 
(Q, (ESS), (EZOl), (1^^ - (EIZ3), (I^T7|l and as |(m,m^)| < ||u||l2 ||n^||L2 we obtain that, 



a{t) < YW^U^KMf^+C^r,i + C^T(T-ti)vV^,ti <t <T. 



(2.78) 



We denote, g{ti,t) := (//_^ |/(r)p dr)^/^. Now we integrate ()2.6ip from ti to t, and using ()2.78|) we prove 
that, 



Ht)\\h < \Hh)\\l, + 2gih,t) 



By (j2.79j) for some constant C, 



^\\u{t)\\L2 ||n,(t)|U2 + Ct,i + Ct{T - h)^) 



,h<t<T. (2.79) 



«(t)|li2 <C[||n(t0ll'^' + 2^/=^((?(ti,t))^/^ {\\u^ 



2/3 



^ Ct{T - t,f/^a{tf/^ + Ct,i)J + 1, ti < t < T. 

(2.80) 

Here we consider first the case, ||M(t)||i2 < 1, where the estimate is trivial, and then the case ||M(t)||2,2 > 1. 
For any 1 < p < 5 there is a constant C such that for any u G 1^1,2 and any e > 0, 



I'^ll/^j^+l ^ 1 1 "^2:1 1^2 + 



c 



:(^-l)/2 



I Il2i/ 



(2.81) 



where v := 1 + ^fz^- We give the proof of ()2.81|) below. Integrating ()2.63p from ti to t , and by ()2.2j) 



with e = 1/4, (j222D, (HISl), (IZISD, (EHZD, dZHOl), (Pirr]l and as z/ < 3, 
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^b{uit)f < W{ti) + Ct,i + Crait) + Ct{T - h) 



git,,t)^''/'a{tf)],h<t<T. (2.82) 
Pick any e and A such that, CrT[e + 7(i;^i|/||?i([o,r])^^''^^ < 1/8- Then, by (jTH^ . 

< 8 jiy (ti) + Ct,i + CTa(t) + ^^^] ,h<t< mm[t, + A, T]. (2.83) 

As by Theorem 2.3 and Proposition 2.8 we can approximate solutions in Tii by solutions in 7^2, equations 
drZi, (EHDI), (1^1^ and (IT^ hold also if m G C ([0, T), T^i). 

Suppose now that we are given a solution u E C ([0,Tm),7ii) to the FNLSP (jl.ll) where is the 
maximal time of existence. Then, we must have = oo, because if < oo we can take ti = Tm — A, 
and then by (IT77|l and (ESSI), 

\Ht)\\n, < Ct,u for T„ - a < t < T^, (2.84) 

and by Remark 2.4 we can continue u{t) to t > T^, in contradiction with the definition of T^. 
We now prove ()2.8H1 . By the Sobolev-Gagliardo-Nirenberg inequality [lOj 

Mill < ciKllT'^ \H\%^''''-''\ ^ - (2-85) 

Inequality ()2.85p is stated in for u G C^(R), but by continuity it applies to m G Vri_2(R) and extending 
u G Wi^2 as an even function in VTi 2(R) it also holds for u G Wi^2- Denote, k := Then, by ()2.85p . 

hCl < C\MT'^ \\u\\f.' < Ce\Mh + ^(^Iklir^, (2.86) 
where we used the inequality, a^^'' < ea + (i/k-i) b, a,b > 0,e > 0,0 < k < 1. 
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REMARK 2.10. In the case where / = we prove that the solutions are global under weaker assump- 
tions because we do not need to use identity ()2.64j) . Suppose that assumptions A and B are satisfied with 
/ = [0, oo), and with / = 0, that (jlSTj), (E37|l . and (ITHH|l hold, where for each fixed x,t e R+, h is in 
(C, R) in the real sense, and h{x, t, 0) = 0. Moreover, assume that nf^ C 1^2,2, that (jT7^ and fTf^ 
hold with 1 < p < 5. Then, the conclusions of Theorem 2.9 are true. The proof is much simpler now 
because by ^TET} \\u{t)\\ < C, and then by ^H^ . fTTBf . (jT7H|) and fTW^f . b{u{t)) < C. We complete 
the proof as in Theorem 2.9. 

REMARK 2.11. Recall that our results in local solutions given in Theorems 2.2, 2.3, 2.5 and 2.6, in 
Remarks 2.4, 2.7 and in Proposition 2.8 hold without any restriction on the grow of Vi at infinity. Our 
results in global solutions given in Theorem 2.9 and in Remark 2.10 require that 7^2 C W2,2- We give now 
a sufficient condition for this to hold. We denote by Lip the set of all continuous and bounded functions, 
/, defined on [0, oo) that are globally Lipschitz, i.e. such that, 

Lip{j) := sup j j < oo. (2.87) 

Note that if / G Lip then / is differentiable for a.e. x with / G L°° and Lip{f) := Suppose as above 

that V = Vi + V2,Vj e Ll^^{R+),j = 1, 2, 14 > and ^2 satisfies jOl)- Remark that, eventually adding 
1 to Vi and substracting it from V2, we can assume that Vi > 1. Suppose that g := (Vi)^^^^ G Lip. For 
c > denote gc ■= (Vi + c)'^^'^. Observe that, gc ■= (1 + cVf^)^^^"^ g. Then, gc G Lip and Lip{gc) decreases 
monotonically as c — > 00. It follows from Theorem 7.1 of [12j (this paper considers the case in the whole 
line, but the proof in our case is the same) that if limc^oo Lipg^ < 1, then Hi := Hq + Vi is selfadjoint 
in the domain, D{Hi) = W2,2 n W^i^J ^ ^(^1) • Hence, by (jTlD and Kato-Rellich's theorem, D{H) = 
W2,2 n W^/? nD{Vi). Assume moreover, that Vi G ^^^^^,([0, 00)). Let us take any h G C^([0, 00)), satisfying 
h{x) = 1, < X < 1. We decompose any G 7^2 as = 0i + 02, with 0i := — 0(O)/i, 02 := (p{0)h. Then, 
under the assumptions above, G 7-^2 ^ 0i G D{H), and it follows that in this case 7^2 = W^2,2 H DiVi). 
Note that Vi can be any positive polinomial, p{x), or expp(a:), expexpp(x), • ■ •. Moreover, (j2.7(Jj) is satisfied, 
for example, if Vi any positive polynomial, or Vi = e^, and {V2)+ fulfills (|2.1|) . Finally, note that in the 
case of Remark 2.10 where the force is identically zero we do not need that Vi G Li^^{[0, 00)). In this case 
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we can admit, for example, Vi = < x < 1, Vi = 1, x > l,k > 2 (for the case k=2 see Example 7.4 of 

ini)- 
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